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POISSON ACTIONS UP TO HOMOTOPY AND THEIR
QUANTIZATION
PAVOL EVERA
Abstrat. Symmetries of Poisson manifolds are in general quantized just to
symmetries up to homotopy of the quantized algebra of funtions. It is there-
fore interesting to study symmetries up to homotopy of Poisson manifolds.
We notie that they are equivalent to Poisson prinipal bundles and desribe
their quantization to symmetries up to homotopy of the quantized algebras of
funtions, using the formality theorem of Kontsevih.
Keywords: Poisson manifolds, ations up to homotopy, moment maps, defor-
mation quantization
MSC: 53D17, 53D55, 53D20
An ation of a Lie algebra g on a Poisson manifold M is Poisson, if it preserves
the Poisson struture on M . In general it is not possible to quantize M so that
g would at by derivations on the quantized algebra of funtions. On the other
hand, as a simple appliation of the formality theorem of Kontsevih [3℄, a Poisson
ation up to homotopy (a generalization of Poisson ations, dened below) is easily
quantized to an ation up to homotopy on the quantized algebra of funtions. It
is therefore interesting to study the geometry of Poisson ations up to homotopy,
together with its generalizations where g is replaed by a Lie bialgebra. Namely, it
turns out that an up to homotopy Poisson ation is the same as a Poisson prinipal
bundle. This geometry sheds a new light even on some pretty standard things,
e.g. relations between Poisson and Hamiltonian ations.
1. Up to homotopy Poisson ations
An up to homotopy Poisson ation of a Lie algebra g (g-HPA for short) on a
Poisson manifold M is an extension gM of g by the Lie algebra C
∞(M) (with the
Poisson braket used as the Lie braket), suh that for every X ∈ gM , the map
C∞(M) → C∞(M), f 7→ [X, f ], is a derivation (i.e. a vetor eld on M). A
morphism from a g-HPA on a Poisson manifold M1 to a g-HPA on M2 is a Poisson
map f : M1 → M2 and a morphism of the extensions of g going the opposite
diretion, equal to f∗ : C∞(M2)→ C
∞(M1) on the kernels.
A g-HPA on a point is a entral extension of g by R. Given a true Poisson
ation of g on a Poisson manifold M , the orresponding extension is the semidiret
produt. Any splitting of a g-HPA to a semidiret produt turns it into a true
Poisson ation (gM has a Poisson ation on M by denition, a splitting g → gM
gives us then a Poisson ation of g). In other words, an ordinary Poisson ation
on M is the same as a g-HPA gM on M and a morphism from gM to the trivial
g-HPA on a point.
supported in part by the Swiss National Siene Foundation.
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Let us give an equivalent denition using the Maurer-Cartan equation. If M is a
manifold, let LM denote the dierential graded Lie algebra (DGLA) of mutivetor
elds Γ(
∧
TM)[1] (with Shouten braket and zero dierential). A g-HPA on M is
a degree-1 element σ of the DGLA
∧
g∗⊗LM , satisfying the Maurer-Cartan (MC)
equation
(1.1) dσ + [σ, σ]/2 = 0.
As we'll see easily, this is indeed equivalent to the previous denition, when we
hoose a splitting of the extension gM = g ⊕ C
∞(M) (diret sum of vetor spaes
 not diret (or semidiret) sum of Lie algebras!).
Let us deompose σ into bihomogeneous parts
(1.2) σ = σ0 + σ1 + σ2
(the supersript is the degree in
∧
g∗). Then σ0 is a Poisson struture onM , and we
get a Lie braket on gM = g⊕C
∞(M) via [u, v] = [u, v]g+σ
2(u, v), [u, f ] = Lσ1(u)f ,
[f, g] = {f, g} (for any u, v ∈ g and f, g ∈ C∞(M)).
Yet another equivalent formulation  we have an L∞-morphism from g to the
DGLA LM,σ0 (where LM,σ0 is the same as LM , but with dierential equal to adσ0).
Just for the fun of it, let us plug the deomposition (1.2) into the Maurer-Cartan
equation (1.1) and write all the results expliitly:
(1) [σ0, σ0] = 0, i.e. σ0 is a Poisson struture on M
(2) [σ0, σ1] = 0, i.e. σ1 ∈ g∗ ⊗ Γ(TM) maps elements of g to vetor elds
preserving the Poisson struture σ0
(3) dσ1 + [σ1, σ1]/2 + [σ0, σ2] = 0, i.e. σ1 is not neessarily an ation of g on
M , but rather for any u, v ∈ g we have
[σ1(u), σ1(v)] = σ1([u, v]) +Xσ2(u,v),
where Xf denotes the Hamiltonian vetor eld generated by funtion f
(4) dσ2 + [σ1, σ2] = 0, i.e.
Lσ1(u)σ
2(v, w) + σ2(u, [v, w]) + c.p. = 0
where .p. means yli permutations in u, v, w.
Finally, let us see what happens to σ when we hoose a dierent splitting of gM
to g⊕ C∞(M). The resulting gauge transformation of σ by a τ ∈ g∗ ⊗ C∞(M) is
expliitly:
(1) σ0 7→ σ0, i.e. the Poisson struture on M doesn't hange
(2) σ1 7→ σ1 + [τ, σ0], i.e. σ1(u) 7→ σ1(u) +Xτ(u)
(3) σ2 7→ σ2 + dτ + [τ, σ1] + [τ, [τ, σ0]]/2, i.e.
σ2(u, v) 7→ σ2(u, v) + τ([u, v]) + Lσ1(u)τ(v) − Lσ1(v)τ(u) + {τ(u), τ(v)}/2
2. Up to homotopy ations as Poisson prinipal bundles
Proposition 2.1. The ategory of g-HPA's is equivalent to the ategory of Poisson
prinipal g∗-bundles. Given a Poisson prinipal g∗-bundle P → M , we onstrut
the orresponding g-HPA on M as follows: the elements of gM over u ∈ g are
funtions f on P that hange by 〈u, α〉 under the ation of α ∈ g∗ on P ; the
braket on gM is the Poison braket on P .
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Here g∗ is a Poisson Lie group in the standard way (with the Kirillov-Kostant
Poisson struture pig∗); a Poisson prinipal g
∗
-bundle is a prinipal g∗-bundle P →
M with a Poisson struture on P suh that the ation P × g∗ → P is a Poisson
map.
Proof of the proposition is straightforward. If we hoose a trivialization of P , in
terms of the deomposition
∧2
T (M × g∗) =
∧2
TM ⊕ TM ⊗ g∗ ⊕
∧2
g∗,
the Poisson struture on P = M × g∗ is equal to
(2.1) σ0 + σ1 + (σ2 + pig∗),
where pig∗ is the Poisson struture on g
∗
and σ = σ0 + σ1 + σ2 satises the MC
equation (1.1), sine 0 = [σ + pig∗ , σ + pig∗ ] = 2[pig∗ , σ] + [σ, σ] = 2 dσ + [σ, σ].
Choosing a dierent trivialization orresponds to a gauge transformation of σ.
As we notied in Setion 1, a true Poisson g-ation an be haraterized as a
g-HPA together with a morphism to the trivial g-HPA on a point. In other words,
a Poisson g-ation is the same as a prinipal Poisson g∗-bundle P together with a
g∗-equivariant Poisson map P → g∗.
Given a g-HPA on a Poisson manifoldM we annot say diretly what is the quo-
tient of M by the ation. There is, however, a well-dened quotient up to Morita
equivalene, namely the Poisson manifold P (the total spae of the orresponding
prinipal g∗-bundle).
Here is a somewhat exoti example of an up to homotopy Poisson ation. As was
observed by A. Vaintrob [8℄, if A → M is a vetor bundle, the struture of a Lie
algebroid on A is equivalent to a degree-1 vetor eld Q on the graded supermanifold
A[1] suh that Q2 = 0, and also to a degree −1 odd Poisson struture pi on A∗[1];
a bialgebroid struture is then both pi and Q on A
∗
[1] suh that LQpi = 0. Poisson
ations up to homotopy appear in quasi-bialgebroids: A is a quasi-bialgebroid if we
have a degree −1 odd Poisson struture pi on A∗[1] and an up to homotopy ation
of the 1-dimensional graded Lie algebra generated by Q ([Q,Q] = 0, degQ = 1) on
A∗[1]. In other words, as was notied in [5℄, it is a Poisson prinipal R[2]-bundle
P → A∗[1] (where R[2] has zero Poisson struture).
3. Up to homotopy ation of a group on an algebra
An up to homotopy ation of a Lie algebra g on an assoiative algebra A (a
g-HAA on A for short) is an extension gA of g by A (where A is onsidered as a
Lie algebra with the braket given by the ommutator), suh that for any X ∈ gA,
the map adX : A→ A is a derivation of the assoiative algebra A.
Similarly, an up to homotopy ation of a group G on an algebra (a G-HAA) is
a G-graded algebra AG, i.e. an algebra of the form AG =
⊕
g∈GAg with produt
mapping Ag ⊗ Ah to Agh, suh that every Ag ontains an invertible element. The
algebra Ae is the algebra on whih G `ats up to homotopy'. In this denition, G is
just an abstrat group (and vetor spaes are over an arbitrary eld). In a smooth
denition, G would be a Lie group and Ag's would form a smooth vetor bundle
over G.
One an give a more ombinatorial denition. Let us hoose an invertible element
〈g〉 in every Ag. For every g ∈ G we have an automorphism ρ(g) of Ae, given by
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ρ(g)a = 〈g〉a〈g〉−1. This ρ is not neessarily an ation of G; instead, we have
(3.1) ρ(g)ρ(h)a = c(g, h)(ρ(gh)a)c(g, h)−1,
where the elements c(g, h) ∈ Ae are given by c(g, h) = 〈g〉〈h〉〈gh〉
−1
. If we ompute
〈g1〉〈g2〉〈g3〉 in two ways, we get a oyle identity
(3.2) c(g1, g2)c(g1g2, g3) = (ρ(g1)c(g2, g3))c(g1, g2g3).
Vie versa, when we are given an algebra Ae, its automorphisms ρ(g) and invertible
elements c(g, h) satisfying (3.1) and (3.2), we get an up to homotopy ation.
This is indeed a non-ommutative analogue of a prinipal Poisson g∗-bundle. To
get the analogue one replaes Poisson spaes by assoiative algebras and reverses
the arrows; the ounterpart of g∗ is a group algebra F[G] (where F is our base eld).
The analogue of a Poisson spae with a Poisson ation of g∗ is then an algebra with
a ompatible struture of a F[G] omodule, i.e. a G-graded algebra. The analogue of
a prinipal g∗-ation is the existene of invertible elements in every Ag; the algebra
Ae is the analogue of the base of the prinipal bundle.
A true ation of G on an algebra Ae should be, of ourse, a speial ase of an up
to homotopy ation. All the spaes Ag are in this ase equal to Ae; to distinguish
between them, let us denote Ag by Ae ⊗ g (its elements will be denoted by a ⊗ g,
a ∈ Ae). The produt Ag × Ah → Agh is given by (a ⊗ g)(b ⊗ h) = (a g · b) ⊗ gh.
This G-graded algebra is the rossed produt of Ae with G.
As an example of a dierent type, let G˜ be a entral extension of G by F∗, where
F is our base eld. Then the line bundle assoiated to the prinipal F
∗
-bundle
G˜→ G is an up to homotopy ation. And vie versa, every up to homotopy ation
whih is a line bundle (i.e. where Ag's are 1-dimensional), is of this type; in other
words, an up to homotopy ation of G on F is equivalent to a entral extension of
G by F∗.
4. Poisson vs. Hamiltonian ations: rossed produts in Poisson
geometry
For any Poisson manifoldM , a Poisson map M → g∗ (a moment map) gives rise
to a Poisson ation of g on M ; Poisson ations of this form are alled Hamiltonian.
For every Poisson ation one an onstrut a universal Hamiltonian ation; more
preisely, the forgetful funtor
(4.1) Hamiltonian ations → Poisson ations
has a left adjoint. As we shall see, this adjoint is onneted with up to homotopy
Poisson ations.
As we notied in Setion 1, a Poisson ation of g onM is the same as a g-HPA on
M and a morphism to the trivial g-HPA on a point. Using the language of prinipal
Poisson bundles, a Poisson ation of g on M is thus the same as a prinipal Poisson
g∗ bundle P → M with a Poisson g∗-equivariant map P → g∗. Sine we have
a Poisson map P → g∗, on P we have a Hamiltonian ation of g. Thus for any
Poisson ation (on M) we an nd a Hamiltonian ation (on P = M × g∗); this
operation is left adjoint to the forgetful funtor (4.1), i.e. it satises a universal
property:
Proposition 4.1. The forgetful funtor (4.1) has a left adjoint given by M 7→ P =
M × g∗, with the Poisson struture given by (2.1) (with σ0 the Poisson struture
on M , σ1 the ation of g on M and σ2 = 0).
POISSON ACTIONS UP TO HOMOTOPY AND THEIR QUANTIZATION 5
Proof of this proposition is straightforward: if N is a Poisson manifold with a
moment map µ : N → g∗, and if f : N → M is a g-equivariant Poisson map, we
should provide a unique Poisson map f˜ : N → P ommuting with the moment
maps; the map f˜ is simply f × µ.
Let us translate the previous to the world of nonommutative algebras. There
the analogue of a moment map is a produt and unit preserving map µ : G→ A (i.e.
an algebra morphism F[G] → A); it gives an ation of G on A by g·a = µ(g)aµ(g−1).
The right-adjoint operation is the rossed produt: given an ation of G on A, it is
A⊗ F[G] as a vetor spae, with the produt given by
(a1 ⊗ g1)(a2 ⊗ g2) = (a g1 · a2)⊗ (g1g2);
the map µ is given by µ(g) = 1⊗ g.
We an also generalize our proposition to so alled non-equivariant moment
maps, i.e. Poisson maps M → p, where p is a prinipal Poisson g∗-homogeneous
spae. Suh a map again gives a Poisson ation of g on M . The adjoint funtor is
the same as in the proposition: M 7→ M × p (with the mixed part of the Poisson
struture equal to the ation of g on M). Notie that p is a g-HPA on a point. A
g∗ equivariant map P → p makes a prinipal Poisson g∗-bundle P → M to a true
Poisson ation of g on M .
The non-ommutative analogue of this generalization uses a entral extension G˜
of a group G by F∗. A non-equivariant moment map is a produt preserving map
µ : G˜ → A whih is the identity on F∗. Suh a map gives an ation of G on A via
g · a = µ(g˜)aµ(g˜−1), where g˜ ∈ G˜ is any element over g ∈ G. There is an adjoint
funtor that is an obvious generalization of the rossed produt.
5. Quantization of up to homotopy Poisson ations
The formality theorem of Kontsevih gives us a quantization of up to homotopy
Poisson ations depending on a formal parameter ~. The resulting up to homotopy
ation on the quantized algebra of funtions will be also formally lose to a true
ation.
Let us thus have a g-HPA onM formally depending on ~ and let the orrespond-
ing Poisson struture on M be O(~) (as is usual in deformation quantization). For
the lak of fantasy we'll all suh a HPA formally good ; these are the HPA's we're
going to quantize.
When we deompose the HPA to σ = σ0 + σ1 + σ2 as in (1.2), σ0 is the Poisson
struture on M and hene is of the form
σ0 = σ0(1)~+ σ
0
(2)~
2 + σ0(3)~
3 + . . . ;
σ1 and σ2 are not neessarily O(~), but from the MC equation (1.1) we get that
σ1(0) is a true ation of g on M .
Sine σ = σ0+σ1+σ2 satises the MC equation (1.1), it an be diretly plugged
into the formality theorem of Kontsevih, but only if σ1 = O(~). If we want to allow
σ1(0) 6= 0, we need to use a rather straightforward trik. Under our assumptions we'll
get a g-HAA on the algebra of quantized funtions on M . If moreover the g-ation
σ1(0) omes from an ation of the simply-onneted Lie group G on M , we'll also
get a G-HAA.
We shall use quantization of Poisson families from [4℄ (and terminology from
[6℄). Reall that an algebroid over a set S is a linear ategory whose set of objets
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is S and where any two objets are isomorphi. In deformation quantization, al-
gebroids are produed by quantization of Hamiltonian families of formal Poisson
strutures. Suh a family is by denition a solution of the MC equation in the
DGLA Ω(B)⊗ˆL′M , where B and M are manifolds, ⊗ˆ is the ompleted tensor prod-
ut (it just means that the oeients are arbitrary smooth funtions on B ×M)
and the DGLA L′M is given by
L′−1M = C
∞(M)[[~]]
L′iM = ~Γ(
∧i+1
TM)[[~]].
If we hoose a family of onnetions on M parametrized by B, we an quantize the
Hamiltonian family to a tight family of ∗-produts, i.e. to a solution of the MC
equation in Ω(B)⊗ˆL′′M , where the DGLA L
′′
M is given by
L′′−1M = C
∞(M)[[~]]
L′′iM = ~PD
i+1[[~]],
where PD i+1 is the spae of polydierential operators
C∞(M)× · · · × C∞(M)
︸ ︷︷ ︸
i+1 times
→ C∞(M).
As Kontsevih proved, this quantization is natural (i.e. dieomorphism-invariant)
and loal. Moreover, if we suppose that B is 2-onneted, the quantized family
gives us naturally an algebroid over B.
Suppose now that G is a group and that we are given a G-HAA AG. We then get
an algebroid over G, dened by Hom(g, h) = Ag−1h. Vie versa, given an algebroid
over G, in whih we an identify Hom(g, h)'s for a xed g−1h in a way ompatible
with the produt, we get an up to homotopy ation.
We shall now take for G the 1-onneted (and therefore also 2-onneted) Lie
group integrating g, set B = G, onstrut a Hamiltonian family, quantize it to an
algebroid over G, and nally notie that the family is right G-invariant, whih will
thus turn the algebroid into a G-HAA.
The rst thing is to notie the onnetion between Hamiltonian families of formal
Poisson strutures and formally good g-HPAs:
Lemma 5.1. Let ρ be a (left) ation of g on M . A formally good g-HPA σ on
M , suh that σ1(0) = ρ, is equivalent to a right-g-invariant Hamiltonian family of
formal Poisson strutures on M parametrized by G, where the right g ation is by
right translations on G and by −ρ on M .
Suppose now that the g-ation ρ integrates to a G-ation. Then we an hoose a
right-G-invariant family of onnetions on M parametrized by G (just hoose one
onnetion on M and then use the ation). The algebroid over G we get will be
right-G-invariant, so by the above remarks we get a G-HAA. We also get a g-HAA:
after quantization we have a right-G-invariant solution of the MC equation in the
DGLA Ω(G)⊗ˆL′′M .
If ρ doesn't integrate to a G-ation, we an hoose the invariant family of on-
netions only loally. It is, of ourse, suient to get a g-HAA. We also get a loal
G-HAA, though we leave it to the reader to formulate the denition.
Let us summarize the outome of this setion:
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Proposition 5.2. Let ρ be a (left) ation of g on M and let σ be a formally good
g-HPA on M with σ1(0) = ρ.
(1) There is a quantization of σ to a g-HAA on a quantized algebra of funtions
on M
(2) If moreover ρ integrates to an ation of G (the 1-onneted group integrating
g) then we also get a G-HAA.
6. Generalizations for Lie bialgebras and Hopf algebras; Open ends
There is now an obvious denition of up to homotopy ations of Lie bialgebras.
Let (g, g∗) be a Lie bialgebra; let us also hoose a Poisson Lie group G∗ integrating
g∗. An up to homotopy Poisson ation of (g, G∗) ((g, G∗)-HPA for short) is, by
denition, a prinipal Poisson G∗ bundle. Suh a bundle P → M with a G∗-
equivariant Poisson map P → G∗ is again equivalent to a Poisson ation of (g, g∗)
on M : indeed, P beomes M ×G∗, and the mixed term of the Poisson struture is
the ation of g. Moreover, this operation is left-adjoint to the forgetful funtor
Poisson maps to G∗ (moment maps) → Poisson ations of (g, g∗).
More generally, we have the following:
Proposition 6.1. Let P be a right prinipal Poisson homogeneous spae of G∗. If
M is a Poisson manifold, a Poisson map µ : M → P generates a (left) Poisson
ation ρ of (g, g∗) on M via ρ(v)x = 〈piM , µ
∗v〉, where x ∈ M , v ∈ g ∼= T ∗µ(x)P
(these spaes are isomorphi beause P is a prinipal G∗ spae) and piM is the
Poisson struture on M .1This funtor has a left adjoint, given by M 7→ P = M×P,
with the Poisson struture piP = piM + piP + the g-ation. Any Poisson prinipal
G∗-bundle P →M with a Poisson equivariant map P → P is of this form.
Let d be the Drinfeld double of (g, g∗). Poisson prinipal homogeneous G∗-
spaes, or in other words Poisson prinipal G∗-bundles over a point, are lassied
by Lagrangian subalgebras of d transversal to g∗ [2℄. There is a similar lassiation
of general Poisson prinipal bundles. In the ase of the trivial bundle we have:
Proposition 6.2. A Poisson struture on P = M × G∗, making it to a Poisson
prinipal G∗ bundle, is the same as a Dira struture in the Courant algebroid
d⊕ (T ⊕ T ∗)M , transversal to g∗ ⊕ TM .
If we also require the projetion M × G∗ → G∗ to be Poisson (i.e. when we
are interested in the true Poisson ations of (g, g∗) on M), the Dira struture in
d⊕ (T ⊕ T ∗)M has to projet to g ⊂ d under the projetion d ⊕ (T ⊕ T ∗)M → d.
This is a speial ase of an observation from [1℄: if g ⊂ d is a Lie quasi-bialgebra, a
g ⊂ d-quasi-Poisson struture on a manifold M (i.e. a quasi-Poisson ation of g on
M ) is the same as a Dira struture in d⊕ (T ⊕T ∗)M that projets to g ⊂ d under
the projetion d⊕ (T ⊕ T ∗)M → d, and that is transversal to TM . (This suggests
a denition of up to homotopy quasi-Poisson strutures, but it's not lear what it
would be good for.)
In the ase of a general (non-trivial) prinipal G∗-bundle P → M , the Poisson
strutures on P making it to a Poisson prinipal bundle, are again the same as Dira
strutures in some transitive Courant algebroid C → M , transversal to A ⊂ C,
where A is the Atiyah Lie algebroid orresponding to P . The Courant algebroid
1
Up to this point the proposition is of ourse well known and is inluded just for ompleteness.
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C is obtained by rst induing P to a prinipal D-bundle (i.e. by reating the
assoiated prinipal D-bundle to P ), where D is a Lie group integrating d, and then
using the redution proedure from [7℄. (Sine the redution proedure is shown in
[7℄ to produe basially all transitive Courant algebroids, this again suggests some
up to homotopy and quasi diretions). The fat that we get a Lie bialgebroid (a
pair of transversal Dira strutures in a Courant algebroid) is not surprising  the
orresponding Poisson groupoid is the gauge groupoid of P .
Homotopy Poisson ations, as we dened them, involve a Lie algebra g. To inte-
grate a HPA to a kind of ation of a Lie groupG, we an take the Poisson prinipal
bundle P , form its gauge groupoid (that is automatially a Poisson groupoid), and
nally pass to its dual Poisson groupoid Γ˜ if it exists. The Poisson groupoid Γ˜
an be haraterized as follows: it is an extension of G by a sympleti groupoid
Γ integrating the Poisson manifold M . This kind of extension might be alled up
to homotopy ation of G on M ; notie that it requires M to be integrable. It is a
diret translation of the denition of G-HAAs from Setion 3.
Let us now swith to the world of non-ommutative algebras, replaing Lie bial-
gebras by Hopf algebras. Let H be a Hopf algebra (the ase of H = F[G] will lead
bak to G-HAA's). The substitute for an ation of a group G up to homotopy on
an algebra A is a H-Galois extension of A, i.e. an algebra B, with a H-omodule
struture c : B → B⊗H , b 7→ b(1)⊗b(2) that is also an algebra map, and an algebra
map i : A→ B, suh that
i(A) = {b ∈ B|c(b) = b⊗ 1}
and suh that the following map is an isomorphism:
B ⊗A B → B ⊗H, x⊗ y 7→ xy(0) ⊗ y(1).
I don't know if there is a theorem that would give a quantization of a (g, G∗)-HPA
on M to a Hopf-Galois extension of a quantized algebra of funtions on M .
The non-ommutative analogue of Proposition 6.1 remains valid. The analogue
of P is an H-Galois extensions of the base eld F; in the ase of H = F[G] this is
the same as a entral extension of G by F∗.
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